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Phenomenological Construction of New Dictionaries
for Holographic Conductors
Hironori Hoshino and Shin Nakamura
Department of Physics, Chuo University, Tokyo 112-8551, Japan
We propose new dictionaries for holographic conductors that enable us to compute carrier
densities and mean velocities of charge carriers in the system. The carrier density, which
differs from the charge density, is the total number density of both the positive and the
negative charge carriers. The mean velocity is the mean value of the velocities of all charge
carriers. These quantities are not conjugate to the sources that are given by boundary values
of bulk fields, and we cannot compute them by using the conventional method in holography.
In the present work, we introduce a phenomenological model of charge transport, and we
establish the dictionary by comparing the results of the phenomenological model and those
from the holography. We show that the mean velocity agrees with the velocity of an analog
black hole on the worldvolume of the probe D-brane, and it can be read from the spectrum
of the fluctuations.
PACS numbers: 11.25.Tq, 05.70.Ln
1. INTRODUCTION
Investigation of nonequilibrium phenomena beyond the linear response regime is important in
many aspects. For example, nonlinear charge transport is a key property of electric devices. From
the theoretical point of view, better understanding of such nonequilibrium phenomena may provide
us a useful insight into construction of nonequilibrium statistical mechanics.
Recently, the gauge/gravity correspondence [1, 2], which is also referred to as the AdS/CFT
correspondence or holography, has been paid attention in its application to nonequilibrium physics
[3]. The gauge/gravity correspondence is a map between a microscopic theory of gauge particles
and a gravity theory on a curved spacetime. Although the gauge-theory side is defined at the level
of the microscopic theory, the macroscopic physics naturally appears just by solving the classical
equations of motion in the gravity side. For example, thermodynamics of the gauge particles is
realized as thermodynamics of the black hole geometry that is obtained by solving the Einstein’s
equation. This suggests that the process of coarse graining that connects the microscopic theory
and the macroscopic physics is somehow encoded in the classical theory of gravity. This remarkable
nature of gravity makes us ambitious to apply the gauge/gravity correspondence for the systems
2out of equilibrium in the nonlinear regime.
Indeed, a method to compute nonlinear electric conductivity of gauge-particle systems has been
proposed within the framework of the gauge/gravity correspondence [4]. Interesting nonlinear
properties, such as negative differential conductivity (NDC) [5], has been obtained by using this
method. Novel nonequilibrium phase transitions associated with the nonlinear conductivity have
also been discovered within this framework [6]. In addition to the nonlinear characteristics of the
gauge-particle systems, the gauge/gravity correspondence tells us basic properties of nonequilib-
rium steady states (NESS). One interesting feature of the gravity dual is that basic properties of
NESS can be described by analog black holes on the probe D-branes (or probe fundamental strings)
embedded into the dual geometry. For example, an effective temperature of NESS is realized as
the Hawking temperature of the analog black hole [7–9]#1. In this sense, once we establish a
precise map between the parameters of the analog black holes and the physical quantities of the
corresponding gauge-particle systems, we may reach better understanding of NESS in terms of the
analog black holes.
In Ref. [5], it has been pointed out that the pair creation process of the positively charged
particles (positive carriers) and the negatively charged particles (negative carriers) is essential for
the realization of the NDC. However, we still lack better understanding of the mechanism for
the NDC. We expect that the physical quantities such as the number density of charge carriers
(which we call carrier density in this paper), that is defined as the number density of the positive
carriers plus that of the negative carriers, may provide us useful information on the mechanism.
This is because the carrier density is determined by the balance between the pair creation and the
annihilation of the charge carriers. However, to the best knowledge of the authors, any method
to compute the carrier density has not been known within the framework of the gauge/gravity
correspondence. The reason is that the carrier density is not a conserved quantity and not conjugate
to any sources that are given by boundary values of bulk fields. Hence, we cannot apply the GKP-
Witten prescription [2] for computation of carrier densities.
In the present paper, we provide new dictionaries to compute physical quantities that are not
directly obtained from the GKP-Witten prescription. We introduce a phenomenological model of
the underlying microscopic process, and we compare the prediction of the model with the results
of the gauge/gravity correspondence. This enables us to find the relationship between the physical
quantities introduced in the model and those computable from the GKP-Witten prescription. For
#1 Effective temperatures for Langevin systems have been analyzed in terms of the analog black holes in [10].
3example, we obtain dictionaries to compute the carrier densities, friction coefficients, and the mean
velocities of the charge carriers.
We get a further benefit from the foregoing framework. It has been found that analog black
holes that describe NESS at finite current densities have a “velocity” [11]. The velocity is read
at the horizon of the analog black hole following the standard black hole physics. However, as
far as the authors understand, there is still room for discussion on the physical interpretation
of this velocity in terms of the corresponding gauge-particle systems. Our framework gives us a
natural interpretation of the velocity of the analog black hole as the mean velocity of the charge
carriers. We show how the mean velocity can be read from the spectrum of the fluctuations in the
corresponding NESS, as well.
The organization of the present paper is as follows. In Section 2, we introduce a phenomeno-
logical model for the charge transport. In Section 3, we compute the current density by using the
gauge/gravity correspondence. In Section 4, we compare the results of Section 2 and Section 3,
and propose the new dictionaries. We analyze the spectrum of the fluctuations in Section 5. We
conclude in Section 6.
2. PHENOMENOLOGICAL PICTURE
2.1. Phenomenological Model
In this section, we introduce a phenomenological model that describes charge transport in our
system. We consider a system in which a constant external electric field ~E and a constant external
magnetic field ~B are acting on charge carriers whose charge density is ρ. The charge carriers
interact with neutral particles that form a heat bath of temperature T . We assume that the charge
carriers have either charge +1 or −1 and they have a common mass m irrespective of their charge.
The pairs of the positive charge carrier and the negative charge carrier can recombine, or can be
created by the external electric field. This means that the number density n of the charge carriers
is determined as a function of the control parameters (ρ, ~E, ~B, T ) by nontrivial dynamics of the
system. In other words, n reflects the effects of the recombination and the pair creation of the
charge carriers. We define the number density of the positive charge carriers to be ρ+, and that of
the negative charge carriers to be ρ−, so that we have
ρ = ρ+ − ρ−, (2.1)
n = ρ+ + ρ−. (2.2)
4We refer n as carrier density in this paper, whereas ρ as charge density.
We assume that the i-th charge carrier obeys a Langevin equation
d~pi
dt
= −γˆi~vi + ~F (~vi) + ξi, (2.3)
where ~pi and ~vi are the momentum and the velocity of the i-th charge carrier, respectively. γˆi is
the friction coefficient associated with the i-th charge carrier. ~F (~vi) and ξi are the external force
and the random force acting on the i-th charge carrier, respectively. The external force we consider
is a constant electromagnetic force acting on the charge:
~F (~vi) = qi( ~E + ~vi × ~B), (2.4)
where qi = ±1 denotes the charge of the charge carrier under consideration.
In the conventional model, γˆi is set to be a constant that is independent of ~vi. However, we relax
this assumption so that γˆi can depend on |~vi|. Furthermore, γˆi may also depend on the velocities
of other charge carriers through the interaction. This means that the Langevin equation couples
with that of other charge carriers.
Let us consider NESS. We assume that the time scale we consider is long enough compared with
the microscopic time scale so that we can average the microscopic fluctuation in time to define a
macroscopic quantity. In NESS, the macroscopic quantity after averaging the fluctuation does not
evolve in time. Then 〈 ddt~pi〉 = 〈ξi〉 = 0, and we obtain
〈γˆi~vi〉 = qi( ~E + 〈~vi〉 × ~B), (2.5)
where 〈O〉 denotes the time average of quantity O. We assume that the averaged values are common
to identical particles, and the equations (2.5) are boiled down to two equations,
〈γˆ+~v+〉 = ( ~E + 〈~v+〉 × ~B), (2.6)
〈γˆ−~v−〉 = −( ~E + 〈~v−〉 × ~B), (2.7)
where those with + (−) subscript denotes the quantities associated with the positive (negative)
charge carriers.
We assume that NESS is determined when we specify the control parameters. This means that
〈γˆ±~v±〉 and 〈~v±〉 are given as functions of the control parameters (ρ, ~E, ~B, T ). Let us rearrange
the left-hand sides of (2.6) and (2.7) in such a way that
〈γˆ±~v±〉 = γ±〈~v±〉, (2.8)
5where we have extracted 〈~v±〉 and we have introduced new functions γ± of (ρ, ~E, ~B, T ). For
notational simplicity, we omit 〈 〉 from now on. Then, (2.6) and (2.7) are given as
γ±~v± = ±( ~E + ~v± × ~B). (2.9)
These equations express the balance between the friction force and the external force.
With the foregoing notations, the current density ~J = (Jx, Jy, Jz) is given by
~J = ρ+~v+ − ρ−~v−, (2.10)
and the mean velocity ~vm of the charge carriers is defined by
~vm =
ρ+~v+ + ρ−~v−
n
. (2.11)
Note that our definition of the mean velocity is different from ~Jnq/ρ which is referred to as the “net
velocity” in [11]. Here, ~Jnq is the contribution to the current due to the existence of the doped
charge carriers dragged by the external electric field.
2.2. Condition for γ+ = γ−
Solving (2.9) with respect to ~v±, we obtain
~v± = ±
( ~E · ~B) ~B + γ±
(
γ± ~E ± ~E × ~B
)
γ±(B2 + γ2±)
, (2.12)
where B2 = ~B · ~B. Substituting this into ~J , we reach the following relationship
( ~J · ~B) ~J · ( ~E × ~B) + ρ( ~J × ~E) · ( ~E × ~B)
=
(
1
B2 + γ2+
− 1
B2 + γ2−
)[
1
γ+
+
1
γ−
]
ρ+ρ−( ~E · ~B)( ~E × ~B)2. (2.13)
Let us consider the case where
( ~E · ~B)( ~E × ~B)2 6= 0. (2.14)
Then (2.13) means that γ+ = γ− or ρ+ρ− = 0, if
( ~J · ~B) ~J · ( ~E × ~B) + ρ( ~J × ~E) · ( ~E × ~B) = 0. (2.15)
When (2.15) holds, we obtain
γ2 = ρ
( ~E × ~B)2
~J · ( ~E × ~B)
−B2, (2.16)
n =
γ ~J · ~B
~E · ~B
=
~J · ~E
γv2
, (2.17)
6where we have renamed γ± and v
2
±(= 〈v+〉2 = 〈v−〉2) to γ and v2, respectively#2. We can check
that n is finite even at the limit of v2 = 0. The second equality in (2.17) indicates that the power
consumed in the system per unit time per unit volume is given by the product of the energy loss
of a single carrier per unit time and the carrier density n. The point is that, if the condition (2.15)
is satisfied, the positive charge carriers and the negative charge carriers share the common friction
coefficient γ and the common absolute value of the velocity |v|.
For later use, let us exhibit expressions for the case where ~E = (Ex, 0, 0) and ~B = (Bx, 0, Bz).
We employ this field configuration without loss of generality. This setting satisfies (2.14). The
condition (2.15) is written as
BxJ
xJy +BzJ
yJz + ρExJ
z = 0. (2.18)
Under this condition, the components of ~v+ and ~v− are related as v
x
+ = −vx− ≡ vx, vy+ = vy− ≡ vy,
vz+ = −vz− ≡ vz. Hence the current density (2.10) becomes
~J =


nvx
ρvy
nvz

 . (2.19)
We also find that (2.12), (2.16) and (2.17) yield
v2 =
E2x
(
B2x + γ
2
)
γ2 (B2 + γ2)
, (2.20)
γ2 = −ρExBz
Jy
−B2, (2.21)
n =
JxEx
γv2
. (2.22)
The mean velocity (2.11) is given by
~vm =
1
n


ρvx
nvy
ρvz

 . (2.23)
The density dependence in (2.23) is understood as follows. Along the directions of x and z, the
positive carriers and the negative carriers are driven in the opposite directions with the same speed.
Hence vxm and v
z
m are proportional to ρ = ρ+ − ρ−. In the y direction, the positive carriers and
the negative carriers equally contribute to vym, hence the factor 1/n is canceled.
#2 The derivation of (2.13), (2.16), and (2.17) is given in Appendix A.
73. NON-LINEAR CONDUCTIVITY FROM GAUGE/GRAVITY CORRESPONDENCE
We have studied the phenomenological model so far. In order to compare the results from the
phenomenological model and predictions of holography, we compute nonlinear conductivities in
holographic models. It will be found that (2.18) holds in general in a wide range of holographic
models.
3.1. Gravity dual
Our gravity dual is constructed on a 10-dimensional space-time. In the radial direction, which
we call u, there is a boundary located at u = ub.
#3 The boundary is a (d + 1)-dimensional
Minkowski space-time with d ≥ 3, the coordinates of which are (t, ~x) = (t, x1, x2, x3, · · · , xd) where
we denote (x1, x2, x3) = (x, y, z). We assume that the remaining (8 − d)-dimensional space is
compact. To describe a finite temperature system, we consider a black hole geometry dual to the
heat bath. The horizon is located at u = uH , and the Hawking temperature is identified with the
temperature of the heat bath. We assume that the metric is given by
ds2 = gtt(u)dt
2 + gxx(u)d~x
2 + guu(u)du
2 + dΩ2, (3.1)
where dΩ2 gives the line-element along the compact manifold. The metric (for the non-compact
part) depends only on u, and they are regular between the horizon and the boundary. In our
convention, gtt < 0 outside the horizon. At the boundary, −gtt, gxx and guu positively diverge. gtt
vanishes at the horizon whereas gxx remains finite there.
The sector of the charge carriers is described by a probe D(q+1+n)-brane#4, where d ≥ q ≥ 3.
We employ the probe approximation. We assume that the (q + 1)-dimensional spatial directions
of the worldvolume extend in the u-direction and the directions of x1, x2, x3, · · · , xq. The n-
dimensional part wraps an n-dimensional subspace of the (8 − d)-dimensional compact manifold,
hence 8− d ≥ n. The action for the probe D(q + 1 + n)-brane is given by
SD(q+1+n) = −TD(q+1+n)
∫
dq+1+nζe−φ
√
− det (hab + 2πα′Fab), (3.2)
where TD(q+1+n) is the tension of the brane, and ζ
a are the worldvolume coordinates. We assume
that the dilaton field φ depends only on u. The constant α′ is related to the t’Hooft coupling λ#5.
#3 Typically, ub = 0 for the Fefferman-Graham type coordinates, and ub =∞ for the Schwarzschild type coordinates.
#4 The formalism presented here is a generalization of that in [12].
#5 When the bulk geometry is the Dp-brane background, λ = 2Ncgs(2pi)
p−2α′(p−3)/2 [13].
8The induced metric hab and the U(1) gauge field strength Fab on the brane are defined by
hab = ∂aX
µ∂bX
νgµν , Fab = ∂aAb − ∂bAa, (3.3)
where Xµ(ζ) represents the configuration of the D(q+1+n)-brane, and Aa is the U(1) gauge field.
We employ the static gauge. In this paper, we consider the cases where the Wess-Zumino term is
not switched on.
We consider homogeneous NESS where the macroscopic quantities do not depend on the space-
time coordinates on the boundary: we assume that Fab and X
µ depend only on u. For the gauge
field, we employ the following ansatz:
Ax(t, u) = −Ext+ hx(u), Ay(x, u) = Bzx+ hy(u), Az(y, u) = Bxy + hz(u), (3.4)
and the other components of the gauge field are switched off in our gauge choice.
Under the present setup, hab + (2πα
′)Fab is block diagonal so that the action is factorized as
SD(q+1+n) = −
∫
dtd~xduL, L = V
√
− [h+ (2πα′)2C1 + (2πα′)4C2], (3.5)
where h = htth
3
xxhuu,
V = TD(q+1+n)
∫
dnζe−φh(q−3)/2xx
√
hΩ,
C1 = h
2
xx
[
hxxA
′2
t + htt
(
A′2x +A
′2
y +A
′2
z
)]
+ hxxhuu
[
hxxE
2
x + htt
(
B2x +B
2
z
)]
,
C2 = hxx
(
B2x +B
2
z
)
A′2t + htt
(
BxA
′
x +BzA
′
z
)2
+ hxxE
2
x
(
A′2y +A
′2
z
)
+ huuE
2
xB
2
x − 2hxxExBzA′tA′y,
(3.6)
and the prime denotes ∂/∂u.
√
hΩ is the volume element of the worldvolume along the compact
directions, which may depend on the brane configuration in the compact manifold. This means
that
√
hΩ, hence V contains dynamical degrees of freedom, as well as huu does, and they are
determined by the Euler-Lagrange equations.
Let us consider the dynamics of the gauge fields. The GKP-Witten prescription gives the
following identifications [4, 12, 14]:
δL
δA′t
= ρ,
δL
δA′i
= J i (i = x, y, z), (3.7)
where (ρ, J i) are the expectation values of the charge density and the current density, respectively.
9These equations yield
A′2t =
|htt|hzz
(h2xx + (2πα
′)2B2x)
2
(ρw −Bza1)2
wf − a21
h2xx+(2piα
′)2B2x
+
a22
|htt|hxx−(2piα′)2E2x
,
A′2x =
hzz
|htt|h2xx
(Jxw −Bxa2)2
wf − a21
h2xx+(2piα
′)2B2x
+
a22
|htt|hxx−(2piα′)2E2x
,
A′2y =
hzz
|htt|h2xx
(Jyw + Exa1)
2
wf − a21
h2xx+(2piα
′)2B2x
+
a22
|htt|hxx−(2piα′)2E2x
,
A′2z =
|htt|hzz
(|htt| hxx − (2πα′)2E2x)2
(Jzw −Bza2)2
wf − a21h2xx+(2piα′)2B2x +
a22
|htt|hxx−(2piα′)2E2x
,
(3.8)
where w, f , a1 and a2 are defined as
w(u) = |htt| h3xx − (2πα′)2h2xxE2x + (2πα′)2 |htt| hxxB2 − (2πα′)4E2xB2x,
f(u) = (2πα′)4 |htt|h2xxV 2 +
|htt| hxx
h2xx + (2πα
′)2B2x
ρ2 − Jx2 − Jy2 − |htt|hxx|htt| hxx − (2πα′)2E2x
Jz2,
a1(u) = (2πα
′)2
[|htt|hxxBzρ+ (h2xx + (2πα′)2B2x)ExJy] ,
a2(u) = (2πα
′)2
[(|htt| hxx − (2πα′)2E2x)BxJx + |htt|hxxBzJz] .
(3.9)
There is a point u = u∗ where w(u∗) = 0, since w is positive at the boundary whereas w is negative
at the horizon. The condition w(u∗) = 0 implies
|htt| hxx − (2πα′)2E2x
∣∣∣
u=u∗
= −(2πα
′)2 |htt| hxxB2z
h2xx + (2πα
′)2B2x
∣∣∣∣∣
u=u∗
≤ 0, (3.10)
since htt ≤ 0 and hxx > 0.
For the reality of the gauge fields in (3.8), we need
wf − a1
2
h2xx + (2πα
′)2B2x
+
a2
2
|htt| hxx − (2πα′)2E2x
≥ 0, (3.11)
for all region of u. Especially, when u = u∗, (3.11) is satisfied if and only if
a1(u∗) = a2(u∗) = 0, (3.12)
where we have used (3.10). This means that the left-hand side of (3.11) is minimized at u = u∗,
and hence we obtain
∂u
[
wf − a1
2
h2xx + (2πα
′)2B2x
+
a2
2
|htt|hxx − (2πα′)2E2x
] ∣∣∣∣∣
u=u∗
= 0. (3.13)
10
Here, ∂uw(u∗), ∂ua1(u∗), ∂ua2(u∗), and ∂u
[|htt| hxx − (2πα′)2E2x]−1 |u=u∗ are finite#6, under our
assumption. In addition, by using w(u∗) = 0, (3.12), and (3.13), we find
f(u∗) = 0. (3.14)
(3.12) and (3.14) give the current density as
J i = σixEx, (3.15)
where the conductivity tensor is given by
σxx =
(2πα′)
hxx
h2xx + (2πα
′)2B2x
h2xx + (2πα
′)2B2
√
ρ2 + (2πα′)2hxx (h2xx + (2πα
′)2B2)V 2
∣∣∣∣∣
u=u∗
,
σyx = − (2πα
′)2Bzρ
h2xx + (2πα
′)2B2
∣∣∣∣∣
u=u∗
,
σzx =
(2πα′)2BxBz
h2xx + (2πα
′)2B2x
σxx
∣∣∣∣∣
u=u∗
.
(3.16)
Note that V remains in σxx at the limit of ρ → 0. This implies that V contains contributions of
pair creations as is discussed in [4].
4. NEW DICTIONARY
Now we are ready to make a matching between the results of the model in Sec. 2 and those
from holography in Sec. 3 to find new dictionaries.
4.1. General background
Note that (3.15) with (3.16) satisfies (2.18). Hence γ+ = γ− holds for the holographic models
we have considered, and the discussions in Sec. 2.2 apply. We obtain
γ =
hxx(u∗)
(2πα′)
, (4.1)
v = |~v| =
√
|htt(u∗)|
hxx(u∗)
, (4.2)
n = 2πα′
JxEx
|htt(u∗)| =
√
ρ2 + hxx (h2xx + (2πα
′)2B2) (2πα′)2V 2
∣∣∣
u=u∗
. (4.3)
#6 Although the denominator of the third term in (3.13) vanishes at B = 0, one finds that the third term is still finite
by using (3.9) and (3.12).
11
We have also
Γ ≡ γ
√
1− v2 = 1
(2πα′)
√
hxx(u∗)
(
hxx(u∗)− |htt(u∗)|
)
, (4.4)
ρ+ρ− =
1
4
[
hxx
(
h2xx + (2πα
′)2B2
)
(2πα′)2V 2
] ∣∣∣
u=u∗
, (4.5)
that are equivalent to (4.1) and (4.3), respectively. Γ is a friction coefficient divided by the Lorentz
factor. These are our new dictionaries. One finds that n approaches ρ at the limit of ρ/V (u∗)→∞.
This indicates that n is equivalent to ρ when the charge density effect is dominant over that of the
pair creation.
Note that w(u), hence u∗ as well, does not depend on ρ, V and huu. Then we find the following
remarkable facts: γ, v and Γ are independent of ρ and the D-brane’s configuration in the compact
space. They do not depend on the properties of the probe brane, and they are not sensitive to the
properties of the sector of the charge carriers (such as the mass m of the carriers) in the NESS at
least under the probe approximation.#7
For later use, we exhibit the x component of the mean velocity (2.23) at B = 0:
vxm =
ρ
n
vx =
ρJx
(2πα′)2h3xxV
2 + ρ2
∣∣∣∣∣
u=u∗
, (4.6)
where we have used (2.19) and (4.3) in the last equality. This will be identified with the veloc-
ity of the analog black hole on the worldvolume theory of the probe D-brane in Sec. 5.1. This
identification, together with (4.6), provides a dictionary for the mean velocity.
4.2. Example: the Dp-brane background
Let us consider the case where the bulk geometry is given by the Dp-brane background. The
Dp-brane geometry is given by [13] as
ds2 = u
7−p
2
[
−
(
1− u7−pH /u7−p
)
dt2 + d~x2
]
+
du2
u
7−p
2
(
1− u7−pH /u7−p
) + u p−32 dΩ28−p, (4.7)
where dΩ28−p gives the metric on the unit S
8−p, and the dilaton φ is given by
eφ = eφ0u(p−3)(7−p)/4, (4.8)
#7 A related discussion is given in [14].
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with a constant φ0. The Hawking temperature is given by
T =
7− p
4π
u
5−p
2
H . (4.9)
In the present setup, we have
hxx(u∗) = u
7−p
2
H
√
K, htt(u∗) = u
7−p
2
H
1−K√
K
, (4.10)
where
K =
1
2
[
e2x −
(
b2x + b
2
z
)
+ 1 +
√
(e2x − (b2x + b2z) + 1)2 + 4 (b2x + b2z) + 4b2xe2x
]
. (4.11)
The dimensionless quantities ex and bi are defined by
e1 = 2πα
′E1u
− 7−p
2
H , bi = 2πα
′Biu
− 7−p
2
H . (4.12)
Note that the K depends only on ~E, ~B, T and λ, and hence u∗ does in the Dp-D(q+1+n) model.
Substituting (4.10) into (4.3) and (4.4), we obtain
n =
√
ρ2 +
√
K (K + b2) (2πα′)2u7−pH V
2(u∗) , (4.13)
Γ =
u
(7−p)/2
H
2πα′
, (4.14)
where b2 = b2x + b
2
z. The absolute value of the velocity (4.2) becomes
v =
√
|htt(u∗)|
hxx(u∗)
=
√
K − 1
K
. (4.15)
We find 0 ≤ v ≤ 1 since 0 ≤ |htt| /hxx ≤ 1: v does not exceed the speed of light.
We find a remarkable nature of the results in the models with the Dp-brane background. In
more general models in Sec. 3.1, Γ may depend on u∗ hence on the external fields. However, in the
Dp-brane background, Γ is independent of u∗ and it depends only on the heat bath temperature
T and the coupling constant: we share the common Γ irrespective of m. This means that our Γ
(4.14) is the same as that of the models for drag force [15–17], where the model has only a single
infinitely massive carrier.
5. FLUCTUATION SPECTRUM
In this section, we are going to study how the mean velocity appears in the open-string metric
on the probe D-brane, and how it contributes to the distribution of fluctuations in NESS. We
consider only ~B = 0 cases, in this section.
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5.1. Open-string metric and mean velocity
Let us look into the open string metric Gab = hab− (2πα′)2(Fh−1F )ab on the probe D-brane at
~B = 0. The open string metric is diagonal in the absence of the field strength, since hab is diagonal
in our setup. However, we have off-diagonal components Gut = Gtu ∝ FtxhxxFxu in the presence of
Ex and J
x. If the charge density ρ is further turned on, Gxt = Gtx ∝ FtuhuuFux appears, because
both Fut ∝ ρ and Fux ∝ Jx are non-vanishing through (3.8).
We consider only the 3 × 3 part of the open-string metric on the (t, x, u) coordinates. We
attempt to diagonalize Gab in the vicinity of u∗ by using the following coordinate transformation:

dtˆ
dxˆ
duˆ

 =


dt+Qtˆudu
dx+Qxˆtdt+Q
xˆ
udu
du

 , (5.1)
where Qaˆb are defined by
Qtˆu =
GtxGxu −GxxGtu
G2xt −GxxGtt
, Qxˆt =
Gxt
Gxx
∣∣∣∣∣
u=u∗
, Qxˆu =
Gxu
Gxx
. (5.2)
The metric Gab = [(Q−1)TGQ−1]ab on the new coordinates is given by
Gtˆtˆ =
GttGxx −G2xt
Gxx
+O
(
(u− u∗)2
)
, Gxˆxˆ = Gxx, Guˆuˆ = − detG
g2xx
(
GttGxx −G2xt
) +O(1),
(5.3)
where detG is the determinant of Gab. GttGxx − G2xt is at the order of u − u∗, and vanishes at
u = u∗. Other off-diagonal components are O(u− u∗).
Note that Qxˆt is defined in (5.2) as a constant given by Gxt/Gxx at u = u∗ so that we keep
∂t∂uxˆ = ∂u∂txˆ. This induces the off-diagonal components at u 6= u∗. The inverse of the metric is
given by
G tˆtˆ = Gxx
GttGxx −G2xt
, Gxˆxˆ = 1
Gxx
+O[(u− u∗)], Guˆuˆ = GttGxx −G
2
xt
detG
,
G tˆuˆ = Guˆtˆ = 0, Gxˆuˆ = Guˆxˆ = O(u− u∗), G tˆxˆ = Gxˆtˆ = O(1),
(5.4)
and the inverse of the metric is not diagonal even at u = u∗.
However, we will see that only G tˆtˆ and Guˆuˆ contribute to the equations of motion for the
fluctuations in the vicinity of u = u∗, as is given in (5.9). Therefore, the dynamics of the fluctuations
in the vicinity of u = u∗ is governed by G tˆtˆ and Guˆuˆ, and the fluctuations observe an effective horizon
at u = u∗ where Gtˆtˆ and Guˆuˆ vanish. In this sense, we regard that the open-string metric provides
an analog black hole for the dynamics of the fluctuations whose horizon is located at u = u∗.
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On the new coordinates, derivatives are given by
∂tˆ = ∂t −Qxˆt∂x, ∂xˆ = ∂x, ∂uˆ = −Qtˆu∂t +
(
QtˆuQ
xˆ
t −Qxˆu
)
∂x + ∂u. (5.5)
The first equation indicates that −Qxˆt is understood as the velocity of the analog black hole [11]
from the viewpoint of the original coordinates. By using the explicit representations of Gxt and
Gxx,
Gxt = −ρJxΘ, Gxx =
(
(2πα′)2h3xxV
2 + ρ2
)
Θ,
Θ =
hxx |htt| − (2πα′)2E2x
(2πα′)2h3xx |htt|V 2 − Jx2hxx + ρ2 |htt|
,
(5.6)
we find
−Qxˆt(u∗) = −
Gxt
Gxx
∣∣∣∣∣
u=u∗
=
ρJx
(2πα′)2h3xxV
2 + ρ2
∣∣∣∣∣
u=u∗
= vxm, (5.7)
where we have used (4.6) in the last equality. Thus the velocity of the analog black hole, in the
sense of mentioned above, is identified with the mean velocity of the charge carriers in the system.
We propose (5.7) as a holographic dictionary to give the mean velocity of the charge carriers.
In Ref. [11], the “net velocity” Jnq/ρ is defined by using Jnq that is the contribution to the
current due to the existence of the doped charge carriers dragged by the external electric field. It
has been shown that the net velocity agrees with the velocity of the analog black hole at the limit
where the pair creation process is negligible (for example, at the large mass limit or at the high
charge density limit). However, our mean velocity is different from the net velocity. We stress that
the mean velocity agrees with the velocity of the analog black hole for arbitrary mass and charge
densities.
5.2. Spectrum of fluctuations
Effective temperatures of NESS have been read by analyzing the Hawking radiations from the
analog black holes on the probe D-branes [7–9]. Let us consider Hawking radiations in our analog
black hole. We will go along with the analysis given in [18] where the spectrum of the radiation is
obtained by considering a tunneling effect in the semi-classical approximation.
We consider a fluctuation, which we write ψ, of a scalar field whose kinetic term is governed by
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the open string metric#8. Equation of motion for ψ is given by
∂a
(√−GGab∂bψ)+ (other terms) = 0, (5.8)
where (other terms) may contain mass term and interactions. Let us consider the equation of
motion in the vicinity of uˆ = uˆ∗ (that corresponds to u = u∗) by making expansion with respect
to (uˆ − uˆ∗). The open-string metric behaves G tˆtˆ ∼ −1/[a(uˆ − uˆ∗)] and Guˆuˆ ∼ (uˆ − uˆ∗)/b, where a
and b are constants. Multiplying (uˆ− uˆ∗) to (5.8) so that the contribution from G tˆtˆ becomes O(1),
we obtain
[
−∂2
tˆ
+
a
b
(uˆ− uˆ∗)∂uˆ ((uˆ− uˆ∗)∂uˆ)
]
ψ = 0. (5.9)
Here, other contributions in the equation of motion such as the contributions of the off-diagonal
components of the open-string metric, as well as those from the mass term and the interactions,
are higher-order contributions in the (uˆ− uˆ∗) expansion.#9
A solution to (5.9) within the WKB approximation is given by
ψ = exp
[
−iω′
(
tˆ±
√
b
a
∫
duˆ
uˆ− uˆ∗
)]
, (5.10)
where ω′ is the angular frequency for the fluctuation on the (tˆ, uˆ) coordinates. The computation
of the ratio between the probability of absorption Pin and that of emission Pout of the fluctuation
at uˆ = uˆ∗ is completely parallel to that for the conventional black holes, and we obtain
Pout
Pin
= exp
(
−ω
′
T∗
)
. (5.11)
The effective temperature is given by T∗ =
1
4pi
√
a
b as discussed in [7–9]. We use (5.5) to rewrite ω
′:
ω′ = ω +Qxˆtkx = ω − vxmkx, (5.12)
where ω is the angular frequency naturally defined on the boundary with respect to the time
coordinate t, and kx is the wavenumber of the fluctuation along the x direction on the boundary.
Now the spectrum of the fluctuation obeys the distribution function proportional to
exp
(
−ω − v
x
mkx
T∗
)
. (5.13)
The spectrum is characterized by the mean velocity as well as the effective temperature.
#8 One such example is the scalar field ψ in Ref. [4] that describes the fluctuations of the D7-brane along the compact
S2 directions.
#9 The factor (uˆ − uˆ∗) in the second term are absorbed into ∂uˆ if we employ the tortoise coordinate. We consider
only the interactions that are regular at u = u∗.
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6. CONCLUSIONS AND DISCUSSION
In the present paper, we have proposed new dictionaries for holographic conductors in which
we can compute the carrier densities and the mean velocities of the chare carriers. In the gravity
dual, these quantities are not conjugate to the boundary values of the bulk fields, and we cannot
apply the conventional GKP-Witten prescription for their estimation. In the present work, we
have constructed a phenomenological model of charge transport in which the carrier density and
the mean velocity are introduced. Matching the results from the model to those from holography,
we have identified the expressions for the carrier density and the mean velocity in a wide range of
holographic conductors.
In the phenomenological model, we have distinguished the friction coefficient for the positive
charge carriers (γ+) and that for the negative charge carriers (γ−), so that the model can describe
effects coming from ρ, the difference of the number densities between the positive and the negative
charge carriers. However, we have found that γ+ = γ− in general in our holographic models.
Furthermore, the friction coefficient has been found to be independent of V that reflects the
configuration of the probe D-brane. This means that the friction of the charge carriers in our
holographic conductor comes only from the interactions between the charge carrier and the heat
bath, and the interactions among the charge carriers do not contribute to the friction within our
setup. We understand that this is owing to the probe approximation.
When we employ the Dp-brane geometry, we find a characteristic feature that Γ = γ
√
1− v2,
the friction coefficient divided by the Lorentz factor, is a constant in v (hence independent of the
external field). Therefore, all the nonlinearity of γ is coming from the Lorentz factor in this case.
This suggests that the highly nonlinear phenomena in charge transport, such as NDC
(∂Jx/∂Ex < 0), are owing to the nontrivial behavior of the carrier density. For ~B = 0 cases,
for example, (2.19) gives Jx = nvx. Then NDC is realized if
∂
∂Ex
lnn < − ∂
∂Ex
ln vx. (6.1)
We know ∂∂Ex ln v
x ≥ 0 since vx is a monotonically increasing function of Ex. (6.1) shows that
NDC is realized if the decrease of n is rapid enough when we increase Ex.
The carrier density is not a conserved quantity and it should be determined dynamically in
the balance between the pair creation and the annihilation of the charge carriers. In general, the
probabilities of pair creation and annihilation depend on the mass of the carriers (or the band
gap in the context of solid state physics). In the gravity dual, the mass of the carriers gives a
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boundary condition for the D-brane configuration that determines V (u). Our dictionary (4.3)
gives the relationship between the carrier density and V (u∗): the dictionary opens a chance for
further investigation of the relationship among the carrier densities, the pair creation/annihilation
process of the carriers, and the mass/band gap under the presence of external fields, which may
provide us useful information on the mechanism of the nonlinear conductivities such as NDC.
We have provided the dictionary for the mean velocity in terms of the physics of the analog
black hole on the worldvolume of the probe D-brane. We have shown that the mean velocity shifts
the spectrum of the fluctuations, in the analysis of the Hawking radiation from the analog black
hole. It has already been known that the Hawking temperature of the analog black hole gives
the effective temperature of NESS. This means that the analog black holes on the probe D-branes
capture fundamental characteristics of the dual NESS. Further studies on the analog black holes
in this context will be important for better understanding of NESS.
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Appendix A: Derivation of (2.13), (2.16) and (2.17)
We show the derivation of (2.13), (2.16), and (2.17). We begin with (2.12):
~v± = ±
( ~E · ~B) ~B + γ±
(
γ¯± ~E ±
(
~E × ~B
))
γ±
(
B2 + γ2±
) . (A.1)
Substituting this to the definition of ~J (2.10), we obtain
~J = ρ+
( ~E · ~B) ~B + γ2+ ~E + γ+ ~E × ~B
γ+
(
B2 + γ2+
) + ρ− ( ~E · ~B) ~B + γ2− ~E − γ− ~E × ~B
γ−
(
B2 + γ2−
) . (A.2)
Then we have the following inner products:
~J · ( ~E × ~B) =
[
ρ+(
B2 + γ2+
) − ρ−(
B2 + γ2−
)
]
( ~E × ~B)2, (A.3)
~J · ~B =
[
ρ+
γ+
+
ρ−
γ−
]
( ~E · ~B). (A.4)
By using (A.2), the vector product ~J × ~E is given by
~J × ~E = −ρ+ (
~E · ~B)( ~E × ~B)− γ+( ~E × ~B)× ~E
γ+
(
B2 + γ2+
) − ρ− ( ~E · ~B)( ~E × ~B) + γ−( ~E × ~B)× ~E
γ−
(
B2 + γ2−
) , (A.5)
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and hence we reach the following relationship
( ~J × ~E) · ( ~E × ~B) = −
[
ρ+
γ+
(
B2 + γ2+
) + ρ−
γ−
(
B2 + γ2−
)
]
( ~E · ~B)( ~E × ~B)2. (A.6)
(A.3), (A.4), and (A.6) lead us to (2.13):
( ~J · ~B) ~J · ( ~E × ~B) +D( ~J × ~E) · ( ~E × ~B)
=
[
1
γ−
+
1
γ+
](
1(
B2 + γ2+
) − 1(
B2 + γ2−
)
)
ρ+ρ−( ~E · ~B)( ~E × ~B)2.
(A.7)
Let us consider the cases where (A.7) vanishes:
( ~J · ~B) ~J · ( ~E × ~B) +D( ~J × ~E) · ( ~E × ~B) = 0. (A.8)
We set ( ~E · ~B)( ~E × ~B)2 6= 0. Hence (A.8) means γ+ = γ− or ρ+ρ− = 0. For the cases ρ+ρ− 6= 0,
we have γ+ = γ− ≡ γ. Then (A.3) and (A.4) yield (2.16) and (2.17),
γ2 = ρ
( ~E × ~B)2
~J · ( ~E × ~B)
−B2, (A.9)
n =
γ ~J · ~B
~E · ~B
, (A.10)
respectively. The second equality in (2.17) is confirmed as follows. By using (2.9), we have
γv2± = ± ~E · ~v±. (A.11)
Then ~J · ~E is found to be
~J · ~E = ρ+γ+v2+ + ρ−γ−v2−, (A.12)
by using (A.11) and (2.10). Hence, under the condition γ+ = γ−, we obtain
n =
~J · ~E
γv2
. (A.13)
When ρ+ρ− = 0, there are three cases: ρ+ = ρ− = 0; ρ− 6= 0 and ρ+ = 0; ρ+ 6= 0 and ρ− = 0.
When ρ+ = ρ− = 0, we have no carriers and no chance to define γ+ and γ−. We do not consider
this trivial case. For the second (third) case, we can define only γ+ (γ−), which we write γ, and
then (A.9), (A.10), (A.13) hold.
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